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Abstract. In this paper we prove the finiteness of the set of S-integral points of a
punctured rational elliptic curve without complex multiplication using the Chabauty-
Kim method. This extends previous results of Kim [14] in the complex multiplication
case. The key input of our approach is the use of modularity techniques to prove the
vanishing of certain Selmer groups involved in the Chabauty-Kim method.
Introduction
Let E be an elliptic curve with no complex multiplication over Q, and let X be the
hyperbolic genus 1 curve over Q obtained by removing the origin from E. Let E be a
Weierstrass minimal model for E, and let X be the integral model of X obtained as the
complement in E of the Zariski closure of the origin. Let S be a finite set of rational primes
including∞ and the primes of bad reduction for E . We consider the set X (ZS) of S-integral
points of X.
A classical theorem of Siegel, see for instance [17], states that X (ZS) is finite. In this
paper, we reprove this finiteness result using the Chabauty-Kim method.
Given a prime p of good reduction for E , this method produces a nested sequence
X (Zp) ⊃ X (Zp)1 ⊃ X (Zp)2 ⊃ · · · ⊃ X (Zp)n ⊃ · · · ⊃ X (ZS)
of sets of p-adic points, each containing X (ZS). A precise description of these sets is given
in §1. The main result of this paper is the following.
Theorem (see Corollary 1.3). The sets X (Zp)n are finite for n sufficiently large.
This clearly implies the finiteness of X (ZS). Moreover, note that combining this with the
results of [14] in the complex multiplication case we get finiteness of the set of S-integral
points of any rational elliptic curve minus the origin via the Chabauty-Kim method.
The key advantage of proving a finiteness result of this kind using the Chabauty-Kim
method is that the finiteness of X (Zp)n, and hence of X (ZS), is obtained by showing
that X (Zp)n is contained inside the zero locus of a p-adic analytic function which can be
described in terms of p-adic iterated integrals, see [13]. This zero locus turns out to be
finite, and hence an effective bound on its cardinality naturally yields an effective bound on
the cardinality of X (ZS).
The structure of this paper is the following. In §1 we give a quick introduction to the
Chabauty-Kim method, and state our main finiteness theorem. In §2 we prove the key
vanishing result for Bloch-Kato Selmer groups using modularity techniques. From this,
using some Iwasawa theory, we deduce in §3 a vanishing result for Selmer groups, which
will allow us to prove the main theorem in §4.
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Notation. For a field M , we fix an algebraic closure M of M , a separable closure M s of
M inside M , and we let GM = Gal(M s/M) be the absolute Galois group of M . If M is an
algebraic extension of Q, and T is a finite set of places of M , we let MT be the maximal
extension of M inside M which is unramified outside T , and we let GM,T = Gal(MT /M).
Given a prime p, for every integer n ≥ 1 we denote by ζpn a primitive pn-th root of unity
in M s, we let M(ζp∞) = ∪n≥1M(ζpn), and we denote by  the p-adic cyclotomic character
of GM . If M ′ is a separable quadratic extension of M , we let δM ′/M denote the nontrivial
character of Gal(M ′/M). Moreover, for an algebraic variety X over M , and an extension
M ′ of M , we let XM ′ = X ×SpecM SpecM ′.
Given a profinite group G and a topological abelian group V with a continuous action of
G, we denote by Hi(G,V ) the continuous group cohomology, and by hi(G,V ) its rank.
1. The Chabauty-Kim method
In his papers [12] and [13], Kim introduces a nonabelian analogue of the method of
Chabauty-Coleman, often called Chabauty-Kim method or nonabelian Chabauty. We give
here a quick introduction to it, roughly following the exposition of [13].
Let X be a smooth curve over Q, and let X ′ be a smooth projective genus g ≥ 0 curve over
Q with X ⊂ X ′ and D = X ′ \X. Assume that X is hyperbolic, that is 2g−2 + #D(Q) > 0.
Also, assume that we are given smooth models X ′ of X ′ and D of D over ZS , for S some
finite set of primes, and let X = X ′ \ D.
The Chabauty-Kim method studies the set of S-integral points X (ZS) of X through
certain motivic unipotent Albanese maps. Roughly speaking, the idea of these maps is to
fix an S-integral base point b, choose a motivic unipotent fundamental group U of X with
base point b, and map any other point x to the class of the motivic U -torsor of paths from
b to x in a suitable classifying space. In [12] and [13], Kim considers the de Rham and the
étale realisations of the fundamental group.
For the rest of this section, let us fix an S-integral base point b, a prime p of good
reduction for X ′, and an embedding of Q inside Qp. Also, let us set T = S ∪ {p}.
Let UdR = pidR,Qp1 (XQp , b) be the Qp-pro-unipotent de Rham fundamental group of XQp
with base point b. Let UdR,n be the descending central series of UdR, and consider the finite
dimensional quotients UdRn = UdR,n+1\UdR of UdR. Note that UdR is naturally endowed
with a decreasing Hodge filtration
UdR ⊃ · · · ⊃ F iUdR ⊃ F i+1UdR ⊃ · · · ⊃ F 0UdR,
which in turn induces decreasing filtrations on each UdRn . The quotient UdR/F 0UdR
naturally classifies de Rham path spaces, see [13], hence the de Rham unipotent Albanese
map can be defined to be the map
jdR : X (Zp)→ UdR/F 0UdR
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which sends each x to the class of the UdR-torsor of de Rham paths from b to x. By passing
to the quotients UdRn , we get finite level versions
jdRn : X (Zp)→ UdRn /F 0UdRn ,
which fit into a natural compatible tower. Kim proves, see [13, Theorem 1], that for
each n ≥ 2 the image of jdRn is Zariski dense. This property is of crucial importance for
applications to Diophantine finiteness.
Let us now move to the étale side of the picture. Let U e´t = pie´t,Qp1 (XQ, b) be the Qp-pro-
unipotent étale fundamental group of XQ with base point b, let U
e´t,n be the descending
central series of U e´t, and let U e´tn = U e´t,n+1\U e´t. In [13], Kim defines the Selmer variety to
be the provariety
H1f (GQ,T , U
e´t)
that classifies GQ,T -equivariant U e´t-torsors that are unramified outside T , and crystalline
at p, and the étale unipotent Albanese map to be the map
j e´t : X (ZS)→ H1f (GQ,T , U e´t)
given by sending each x to the class of the GQ,T -equivariant U e´t-torsor of étale paths from
b to x. Also in this case, we have finite level versions
j e´tn : X (ZS)→ H1f (GQ,T , U e´tn ).
Moreover, we also have local maps
j e´tn,v : X (Zv)→ H1(GQv , U e´tn )
for each prime v 6= p, and
j e´tn,p : X (Zp)→ H1f (GQp , U e´tn ),
where H1f (GQp , U
e´t
n ) classifies GQp -equivariant U e´tn -torsors that are crystalline.
A result of Kim and Tamagawa, see [16, Corollary 0.2], gives that the maps j e´tn,v, for
v 6= p, have finite image. Following [3], we define
X (Zp)n = (j e´tn,p)−1(locp(∩v 6=ploc−1v (im j e´tn,v))),
where locv are the naturally defined restriction maps. These sets clearly fit into a nested
sequence
X (Zp) ⊃ X (Zp)1 ⊃ X (Zp)2 ⊃ · · · ⊃ X (Zp)n ⊃ · · · ⊃ X (ZS).
Finally, Kim considers a nonabelian extension of Fontaine’s Dieudonné functor, which
gives an isomorphism of varieties:
D : H1f (GQp , U
e´t
n )
∼−→ UdRn /F 0UdRn ,
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see [15, Proposition 1.4]. All these maps fit into the following fundamental commutative
diagram.
X (ZS) 
 //
je´tn

X (Zp)
jdRn
''
je´tn,p

H1f (GQ,T , U
e´t
n )
locp // H1f (GQp , U
e´t
n )
∼
D
// UdRn /F
0UdRn .
The key point is that the image of X (ZS) inside UdRn /F 0UdRn turns out to be contained
inside the image of H1f (GQ,T , U
e´t
n ). We summarise the relation to Diophantine finiteness in
the following lemma1.
Lemma 1.1. If for some n ≥ 2 we have
dimH1f (GQ,T , U
e´t
n ) < dimU
dR
n /F
0UdRn ,
then X (Zp)n is finite.
Proof. We let Y be the Zariski closure of the image of H1f (GQ,T , U
e´t
n ) inside UdRn /F 0UdRn .
Since dimH1f (GQ,T , U
e´t
n ) < dimU
dR
n /F
0UdRn , then Y is a proper subset of UdRn /F 0UdRn ,
and so there exists an algebraic function α 6= 0 on UdRn /F 0UdRn which vanishes on Y .
Since jdRn has Zariski dense image, we have that α ◦ jdRn 6= 0 on X (Zp). Moreover,
X (Zp)n = (jdRn )−1(Y ) is contained inside the zero locus of α ◦ jdRn . This is finite by the
p-adic Weierstrass preparation theorem. 
For the purposes of this paper, it is more convenient to replace, as in [14] and [7], each
motivic unipotent fundamental group U with its maximal metabelian quotient, that is the
quotient
W = U/[U2, U2].
Its finite dimensional quotients by the descending central series, as well as the corre-
sponding Selmer varieties and unipotent Albanese maps are defined accordingly. Replacing
U with W yields the same fundamental commutative diagram
X (ZS) 
 //
je´tn

X (Zp)
jdRn
((
je´tn,p

H1f (GQ,T ,W
e´t
n )
locp // H1f (GQp ,W
e´t
n )
∼
D
// W dRn /F
0W dRn ,
and Lemma 1.1 works verbatim.
Let us go back to our original setting, that is the genus 1 hyperbolic curve X obtained
by removing the origin from an elliptic curve E without complex multiplication. The main
result of this paper is the following.
Theorem 1.2. We have
dimH1f (GQ,T ,W
e´t
n ) < dimW
dR
n /F
0W dRn
for n sufficiently large.
1This result is presented in alternative versions in the literature, from which this version can be easily
deduced. We present its proof anyway for the sake of completeness.
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The proof of this is postponed to §4. Note that by Lemma 1.1 this immediately implies
the required finiteness result.
Corollary 1.3. The sets X (Zp)n are finite for n sufficiently large.
2. Modularity and vanishing of Bloch-Kato Selmer groups
In this section, we prove the vanishing of certain Bloch-Kato Semer groups, which will
turn out to be of crucial importance for our applications to the Chabauty-Kim method,
using modularity techniques. Recall that for a number field F , a finite set S of places of F
containing the infinite places, and a rational prime p such that S contains no places above
p, given a representation V of GF over Qp unramified outside S, having set T = S ∪{v | p},
the Bloch-Kato Selmer group of V is defined as
H1f (GF,T , V ) = ker
(
H1(GF,T , V )→
∏
v|pH
1(GFv , Bcris ⊗ V )
)
,
where Bcris denotes Fontaine’s crystalline ring.
Moving back to our original setting, we denote by ρE,p : GQ → GL2(Zp) the representation
of GQ on the p-adic Tate module Tp(E) of E, and we let Vp(E) = Tp(E)⊗Qp. By a classical
result of Serre, see [19, §4], for every finite extension F of Q we have that for p large
enough the representation ρE,p |GF is surjective. For the rest of this paper, given any finite
extension F of Q, up to eventually choosing a bigger p, we assume that this condition is
satisfied. As above, we let T = S ∪ {p}. For any algebraic extension F of Q, we still denote
by T , with a slight abuse of notation, the set of places of F above those in T . We prove the
following result2.
Theorem 2.1. Let F be an imaginary quadratic field. Then we have
H1f (GQ,T ,Sym
2nVp(E)⊗ −nδn+1F/Q) = 0
for all n ≥ 1.
Proof. For simplicity of notation, let us write V = Vp(E). The Weil pairing induces an
isomorphism V ∨ ∼= V ⊗ −1, and so we have isomorphisms (SymnV )∨ ∼= SymnV ⊗ −n for
every n ≥ 1. It follows that the representation of GQ on SymnV factors through GOn+1(Qp)
with totally even multiplier when n is even, and through GSpn+1(Qp) with totally odd
multiplier when n is odd.
For every n ≥ 1, the natural symmetric pairing SymnV × SymnV → Sym2nV induces a
surjection Sym2(SymnV )→ Sym2nV , which in turn induces a surjection
Sym2(SymnV )⊗ −nδn+1F/Q → Sym2nV ⊗ −nδn+1F/Q
which is GQ,T -equivariant, and has a GQ,T -equivariant splitting. It follows that it is enough
to show that H1f (GQ,T ,Sym
2(SymnV )⊗ −nδn+1F/Q) = 0 for all n ≥ 1.
Note that we have a decomposition as GQ-representations
ad(SymnV |GF ) ∼= Sym2(SymnV )⊗ −nδF/Q ⊕ ∧2(SymnV )⊗ −n
2This result improves a previous result by Allen, see [1, Theorem 3.3.1], using the potential automorphy
results of [2] and the vanishing results for adjoint Bloch-Kato Selmer groups of [18].
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if n is even, and
ad(SymnV |GF ) ∼= Sym2(SymnV )⊗ −n ⊕ ∧2(SymnV )⊗ −nδF/Q
if n is odd. In both cases, we have that Sym2(SymnV )⊗ −nδn+1F/Q as a GQ-representation
is a direct summand of ad(SymnV |GF ). It therefore follows that it is enough to prove that
H1f (GQ,T , ad(Sym
nV |GF )) = 0 for all n ≥ 1.
By [2, Theorem 7.1.9] we have that for every n ≥ 1 there exists a finite CM Galois
extension F ′ of F such that the representation Symn V |GF ′ is automorphic. Let us fix
n ≥ 1 and a CM field F ′ as above, and let us denote by F ′+ the maximal totally real
subfield of F ′. By considering restriction-corestriction and inflation, we get an injection
H1(GQ,T , ad(Sym
nV |GF ))→ H1(GF ′+,T , ad(SymnV |GF ′ )) such that the following diagram
commutes
H1(GQ,T , ad(Sym
nV |GF ))

// H1(GQp , Bcris ⊗ ad(SymnV |GF ))

H1(GF ′+,T , ad(Sym
nV |GF ′ )) //
∏
w|pH
1(GF ′+w , Bcris ⊗ ad(SymnV |GF ′ )).
We then get an injection H1f (GQ,T , ad(Sym
nV |GF )) → H1f (GF ′+,T , ad(SymnV |GF ′ )),
and so it is enough to prove that H1f (GF ′,T , ad(Sym
nV |GF ′ )) = 0. In particular, up to
eventually choosing a bigger p, we can assume that each Symn V |GF is automorphic.
Since ρE,p |GF is surjective, we have that Symn ρE,p(GF (ζp∞ )) is an enormous subgroup of
GLn+1(Zp) for every n ≥ 1, see [18, Example 2.34]. Then, since Symn V |GF is automorphic,
by [18, Theorem 5.2] we get that H1f (GQ,T , ad(Sym
nV |GF )) = 0 for every n ≥ 1. The
conclusion follows. 
Remark 2.2. Note that our proof works verbatim when Q is replaced by any totally real
number field.
3. Iwasawa theory and vanishing of Selmer groups
In this section, we prove a vanishing result for Selmer groups, using some Iwasawa theory
and the vanishing results for Bloch-Kato Selmer groups proved in the previous section. Let
us first of all introduce some notation. Given a representation V of GF over Qp unramified
outside a finite set S of places of F containing the infinite places and no places above p,
having set T = S ∪ {v | p}, we recall that the i-th Selmer group of V is defined as
Xi(GF,T , V ) = ker
(
Hi(GF,T , V )→
∏
v∈TH
i(GFv , V )
)
.
For i = 1, it is immediate to notice that we have an inclusion X1(GF,T , V ) ⊂
H1f (GF,T , V ). Moreover, we have
Lemma 3.1. Let V D = V ∨ ⊗  denote the Cartier dual of V . Then:
(1) If H2(GF,T , V D) = 0, then X1(GF,T , V ) = 0.
(2) If V is geometric and pure of nonzero weight3, and if X1(GF,T , V ) = 0, then
H2(GF,T , V
D) = 0.
3Recall that a geometric representation V of GF over Qp is said to be pure of weight w ∈ R if for each finite
place v of F the Weil-Deligne representation attached to V |GFv is pure of weight w in the sense of [21, §1].
INTEGRAL POINTS ON ELLIPTIC CURVES AND MODULARITY 7
Proof. By Poitou-Tate duality, we have an exact sequence
H2(GF,T , V
D)∨ → H1(GF,T , V )→
∏
v∈TH
1(GFv , V ),
and so part (1) immediately follows.
Moving to part (2), again by Poitou-Tate duality, we have that X2(GF,T , V D) ∼=
X1(GF,T , V )∨, and so thatX2(GF,T , V D) = 0. It follows that the map
H2(GF,T , V
D)→∏v∈TH2(GFv , V D)
is injective. Now, by local Tate duality, for every v ∈ T we have an isomorphism
H2(GFv , V
D) ∼= H0(GFv , V )∨. In order to get the conclusion, it is then enough to show
that H0(GFv , V ) = 0 for each v ∈ T .
Let v ∈ T . If v - p, since the Weil-Deligne representation attached to V |GFv is
pure of nonzero weight by assumption, we have that H0(GFv , V ) = HomGFv (Qp, V ) = 0.
If v | p, since V |GFv is unramified, then it is crystalline, and we have H0(GFv , V ) =
HomGFv (Qp, V ) ∼= HomMF(φ)(F nrv , Dcris(V )), where MF(φ) denotes Fontaine’s category
of admissible filtered φ-modules, F nrv denotes the maximal absolutely unramified sub-
field of Fv, and Dcris denotes Fontaine’s crystalline functor. Since the Weil-Deligne rep-
resentation attached to V |GFv is pure of nonzero weight by assumption, we get that
HomMF(φ)(F
nr
v , Dcris(V )) = 0, and so the conclusion follows. 
Back to our original setting, we let Q∞ be the field generated by the p-power torsion
points of E over Q. Note that the Weil pairing gives an inclusion Q(ζp∞) ⊂ Q∞. Also, for
our choice of p the representation ρE,p induces an isomorphism Gal(Q∞/Q) ∼= GL2(Zp).
Write Γ = Gal(Q∞/Q), and let Λ = Zp[[Γ]] be the Iwasawa algebra of Γ. Let H∞T be
the maximal unramified abelian pro-p extension of Q∞ in which all primes above T split
completely, and let X∞T = Gal(H∞T /Q∞), which is naturally a Λ-module. We prove the
following lemma.
Lemma 3.2. Let V be a semisimple representation of GL(Vp(E)) over Qp which does not
contain Qp as an irreducible subrepresentation. Then, considering V as a representation of
GQ via ρE,p, we have an isomorphism
X1(GQ,T , V ) ∼= HomΛ(X∞T , V ).
Proof. Since Γ is isomorphic to GL2(Zp) via ρE,p, we have an isomorphism H∗(Γ, V ) ∼=
H∗(GL2(Zp), V ). Now, since V does not contain Qp as an irreducible subrepresentation,
by Lazard’s isomorphism, see for instance [20, Theorem 5.2.4], and the fact that for the Lie
algebra cohomology we have Hi(gl2(Zp), V ) = 0 for i ≥ 0 by [10, Theorem 10], we get that
Hi(GL2(Zp), V ) = 0 for i ≥ 0. It follows that Hi(Γ, V ) = 0 for i ≥ 0.
Since the induced action of GQ∞,T on V is trivial, the Hochschild-Serre spectral sequence
for the closed normal subgroup GQ∞,T of GQ,T gives an exact sequence
H1(Γ, V )→ H1(GQ,T , V )→ Hom(GQ∞,T , V )Γ → H2(Γ, V ).
We then get an isomorphism H1(GQ,T , V ) ∼= Hom(GQ∞,T , V )Γ = HomΛ(GQ∞,T , V ),
which in turn induces an isomorphismX1(GQ,T , V ) ∼= HomΛ(X∞T , V ). 
We prove the following result.
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Theorem 3.3. We have
X1(GQ,T ,SymnVp(E)⊗ −n) = 0
for all n ≥ 2.
Proof. By part (1) of Lemma 3.1 it is enough to prove that H2(GQ,T ,SymnVp(E)⊗ ) = 0.
Let us write n = 2k + h, where k ≥ 1 is odd, and h ∈ {0, 1, 2, 3}. The natural surjection
Sym2kVp(E)⊗ SymhVp(E)→ SymnVp(E) induces a surjection
Sym2kVp(E)⊗ SymhVp(E)⊗ → SymnVp(E)⊗ 
which is GQ,T -equivariant. Since GQ,T has p-cohomological dimension 2, we get a surjection
H2(GQ,T ,Sym
2kVp(E)⊗ SymhVp(E)⊗ )→ H2(GQ,T ,SymnVp(E)⊗ ),
and so it is enough to prove that H2(GQ,T ,Sym2kVp(E)⊗ SymhVp(E)⊗ ) = 0. Moreover,
since Sym2kVp(E)⊗ SymhVp(E)⊗ −n is pure of weight n 6= 0, by part (2) of Lemma 3.1 it
is enough to prove thatX1(GQ,T ,Sym2kVp(E)⊗ SymhVp(E)⊗ −n) = 0.
Let V = Sym2kVp(E) ⊗ SymhVp(E) ⊗ −n and V ′ = Sym2kVp(E) ⊗ −k, and let V =
Sym2kTp(E)⊗ SymhTp(E)⊗ −n and V ′ = Sym2kTp(E)⊗ −k be GQ,T -stable Zp-lattices,
so that V ∼= V ′ ⊗ SymhTp(E)⊗ −n+k. Since V is pure of weight n 6= 0, and so it cannot
contain Qp as a GL(Vp(E))-subrepresentation, and V ′ is nontrivial and irreducible as a
GL(Vp(E))-representation, by Lemma 3.2 we have thatX1(GQ,T , V ) ∼= HomΛ(X∞T , V ) and
X1(GQ,T , V ′) ∼= HomΛ(X∞T , V ′). Since X1(GQ,T , V ′) ⊂ H1f (GQ,T , V ′), by Theorem 2.1
we have thatX1(GQ,T , V ′) = 0, and hence that HomΛ(X∞T , V ′) = 0.
On the other hand, since Q∞ contains the cyclotomic Zp-extension of Q, we have that X∞T
is a finitely generated torsion Λ-module by [9, Lemma 3.4], and hence finitely presented, as Λ
is Noetherian. Moreover, SymhTp(E)⊗−n+k is Zp-flat, and so [5, Proposition I.9.10] gives us
an isomorphism of Z-modules HomΛ(X∞T ,V) ∼= HomΛ(X∞T ,V ′)⊗SymhTp(E)⊗−n+k, which
in turn induces an isomorphism HomΛ(X∞T , V ) ∼= HomΛ(X∞T , V ′)⊗ SymhVp(E)⊗ −n+k.
It follows that HomΛ(X∞T , V ) = 0, hence thatX1(GQ,T , V ) = 0. 
Remark 3.4. We remark that also the results of this section can be immediately extended
to any totally real base field.
4. Proof of Theorem 1.2
Let us start by proving the following lemma.
Lemma 4.1. We have a GQ,T -equivariant isomorphism
W e´t,n+1\W e´t,n ∼= Symn−2Vp(E)⊗ 
for every n ≥ 2.
Proof. Let us first of all prove that W e´t,n+1\W e´t,n is a quotient of Symn−2Vp(E)⊗  as a
GQ,T -module4.
4The proof of this fact has been suggested to us by Minhyong Kim, which we thank once more.
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Let ue´t be the Lie algebra of U e´t, and let ue´t,n be its descending central series. We have
a natural GQ,T -equivariant isomorphism
U e´t,n+1\U e´t,n ∼= ue´t,n+1\ue´t,n.
Let ue´t1 = ue´t,2\ue´t, so that ue´t1 ∼= Vp(E). By induction on n ≥ 2, using the identity
ue´t,n+1\ue´t,n = [ue´t1 , ue´t,n\ue´t,n−1], we see that ue´t,n+1\ue´t,n is generated as a GQ,T -module
by elements of the form [a1, [a2, [· · · [an−2, b] · · · ]]], where ai ∈ ue´t1 , and b ∈ ue´t,3\ue´t,2. Note
that as a GQ,T -module ue´t,3\ue´t,2 is a quotient of ∧2ue´t1 .
Let now we´t be the Lie algebra of W e´t, and let we´t,n be its descending central series. For
every generator [a1, [a2, [· · · [an−2, b] · · · ]]] of ue´t,n+1\ue´t,n as above, we have that modulo
[ue´t,2, ue´t,2] the order of the ai’s can be normalised to any fixed order. It follows that as a
GQ,T -module
W e´t,n+1\W e´t,n ∼= we´t,n+1\we´t,n
is a quotient of
Symn−2ue´t1 ⊗ ∧2ue´t1 ∼= Symn−2Vp(E)⊗ .
Since Symn−2Vp(E) ⊗  is irreducible, and W e´t,n+1\W e´t,n 6= 0, we conclude that as
GQ,T -modules W e´t,n+1\W e´t,n ∼= Symn−2Vp(E)⊗ . 
Combining this with the results of the previous section we immediately get
Corollary 4.2. We have
H2(GQ,T ,W
e´t,n+1\W e´t,n) = 0
for all n ≥ 4.
We can finally prove our main result.
Proof of Theorem 1.2. Assume that n ≥ 2. For both the de Rham and the étale realisations,
let us consider the exact sequence
0→Wn+1\Wn →Wn →Wn−1 → 0.
In the de Rham realisation, we get that
dim(W dRn /F
0W dRn )− dim(W dRn−1/F 0W dRn−1)
= dim(W dR,n+1\W dR,n)− dimF 0(W dR,n+1\W dR,n)
for n ≥ 2. Following [13, §3 and §4] and [14, §3], we get that
dim(W dR2 /F
0W dR2 ) = 2
and that
dimF 0(W dR,n+1\W dR,n) ≤ 1
for n ≥ 3, so that
dim(W dRn /F
0W dRn ) ≥ 3 +
n(n− 3)
2
for n ≥ 3.
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Let us now move to the étale side of the picture. First of all, we have that
dimH1f (GQ,T ,W
e´t
n )−dimH1f (GQ,T ,W e´tn−1) ≤ dimH1f (GQ,T ,W e´t,n+1\W e´t,n)
for n ≥ 2. Let now s be the cardinality of S, and let r = dimH1f (GQ,T , Vp(E)). With these
notations, following [14, §3], we get that
dimH1f (GQ,T ,W
e´t
2 ) ≤ r + s− 1,
and hence that
dimH1f (GQ,T ,W
e´t
n ) ≤ r + s− 1 +
n∑
i=3
h1(GQ,T ,W
e´t,i+1\W e´t,i)
for n ≥ 3. By Lemma 4.1 we have a GQ,T -equivariant isomorphism W e´t,i+1\W e´t,i ∼=
Symi−2Vp(E)⊗  for every i ≥ 3. Let r′ = h1(GQ,T ,W e´t,4\W e´t,3) = h1(GQ,T , Vp(E)⊗ ).
For i ≥ 4 the Euler characteristic formula gives that
h1(GQ,T ,W
e´t,i+1\W e´t,i) = h2(GQ,T ,W e´t,i+1\W e´t,i) + dim(W e´t,i+1\W e´t,i)c=−1,
where c denotes the complex conjugation induced by ∞. By Corollary 4.2 we have that
h2(GQ,T ,W
e´t,i+1\W e´t,i) = 0.
Also, since Symi−2Vp(E) becomes automorphic over a finite totally real Galois extension
of Q by [4, Theorem 7.1.4], so does Symi−2Vp(E)⊗ , and so we have that
dim(W e´t,i+1\W e´t,i)c=−1 =
⌊
i− 1
2
⌋
or
⌈
i− 1
2
⌉
by [6, Theorem 1.1]. Moreover, since Symi−2Vp(E)⊗  has determinant i−1, and i−1(c) =
(−1)i−1, we deduce that
dim(W e´t,i+1\W e´t,i)c=−1 =
⌊
i− 1
2
⌋
+
1 if i ≡ 2 (mod 4),0 otherwise.
If n is divisible by 4, we then get that5
dimH1f (GQ,T ,W
e´t
n ) ≤ r + r′ + s+ n
(n
4
+ 1
)
+
3n
4
.
In conclusion, if we choose n0 to be the smallest integer n ≥ 4 divisible by 4 and such
that
r + r′ + s+ n
(n
4
+ 1
)
+
3n
4
< 3 +
n(n− 3)
2
,
we get that
dimH1f (GQ,T ,W
e´t
n ) < dimW
dR
n /F
0W dRn
for every n ≥ n0 as required. 
Remark 4.3. Keep notations as in the proof of Theorem 1.2. We remark that the Block-
Kato conjectures, see for instance [8, §4.2.2], predict r to be equal to the analytic rank of E
(nevertheless, using the Kummer map, we always have that r is greater than or equal to
the algebraic rank of E), and a conjecture of Jannsen, see [11, §6], predicts that r′ = 1.
5We assume that n is divisible by 4 just to simplify the computations. Note that this assumption affects
our final lower bound estimate only of an error term ≤ 3.
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